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Abstract

We use a method of parameterized sub-family of probability distributions to connect empir-
ical likelihood (EL) with parametric likelihoods and discuss the EL inference in the framework
of parametric likelihood inference. The EL inference benefits from theoretical developments in
the parametric case. We illustrate the method with general estimating equations and consider
M-type linear regression as an example of practical applications where the proposed method
promotes conditional EL inference with parameter orthogonality in place of profile EL infer-
ence. Also EL inference with M-type linear regression is a new extension of EL inference where
the parameters of interest are not necessarily smooth functionales of distributions.

1 Introduction

Empirical likelihood (EL) is arguably the most successful and general methodology that extends
the likelihood inference to a nonparametric setting. It has many desirable statistical properties
(see (12) for an overview, and (8; 15; 14) for recent developments with censored data). We use a
method of parameterized sub-family of probability distributions to connect the EL with parametric
likelihoods and discuss the EL inference in the framework of parametric likelihood inference. We
illustrate the method with general estimating equations and consider M-type linear regression as an
example of practical applications where the parameterized sub-family of probability distributions
method promotes conditional EL inference with parameter orthogonality in place of profile EL
inference.

The idea of connecting a nonparametric problem with a parametric one is dated back to (18)
where a nonparametric problem is considered as a union of finite dimensional parametric subprob-
lems by assuming that enough knowledge of the unknown state of nature is known to restrict it
to a finite-dimensional set. Let 6 denotes the parameters of interest. In (18) each of the finite di-
mensional parametric subproblems is asymptotically a most difficult parametric problem through
respective points of # and crude estimates are made. The inference proceeds as if the true parameter
point lays on the path created by the crude estimates.

With general estimating equations, a p—dimensional parameter of interest 6 is a functionale of a
d—variate distribution F viar (> p) numbers of estimating equations m(z,6) = (m1(2,6),--- ,m,(2,0)) "
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such that the true value 6y is defined by a solution to equations Eg,(m(z,600)) = 0 where Fy de-
notes the true underlying distribution. From the point of view of (18), the formulation of estimating
equations m(z, #) reduces the infinite dimensional parameter space of a nonparametric problem on
Fp to a finite dimensional parameter space problem on #. Via a Lagrange multipliers method for
fixed 6 the EL takes an explicit expression where an r—dimensional Lagrange multiplier A is given
as a solution to gg(A) = 0 (16). The equation ggp(A) = 0 corresponds to the most difficult finite
dimensional parametric subproblem that exists for the fixed 6 in (18). Hence the parameter space
of € is a union of parameter spaces of gg(\) defined at each € and the empirical likelihood inference
is concerned about the path formed by solutions to gg(A\) = 0. This is the key observation of this
paper and details will be presented in Section 2. We show that with m(z,#) continuous in 6 in the
neighborhood of 6, this connection is exact, while it holds asymptotically with a non-continuous
m(z,0). We consider M-type linear regression as an example of the latter case.

The connection between the EL and a parametric likelihood is also implied in (9) where a score
function of the parameter of interest 6 is considered as a finite dimensional martingale and a dual
likelihood is introduced for inference. With an independent data, m(z,#) is a martingale in the
number of observations and a dual likelihood Lg(\) of a dual parameter A can be constructed at each
fixed 6 such that lg(\) = log(Lg(N)) is a log likelihood in A for fixed 8 and m(z,0) = 9lg(\)/OA|r=0
(9). It is readily seen that the dual parameter A corresponds with the Lagrange multiplier of (16)
and lg(\) coincides with the log EL. This correspondence was considered only as an interesting
special case of the dual likelihood with independent data (9). We focus on this connection and
bring the EL inference into the realm of parametric likelihood inference.

The proposed method for the EL was considered with random right censored data but the EL
ratio statistic were mainly concerned (13). In this paper we apply the method to discuss the EL
inference in generality in the frame work of parametric likelihood. Then, we benefit from theoretical
developments in the parametric case: we can formerly define mathematical constructs such as score
function, hessian matrix and Fisher information matrix with the EL. This contrasts with the implicit
use of such constructs in previous works such as (16; 9) without an explanation for how they were
obtained. These mathematical constructs facilitate the development of theoretical results such as
the efficiency of the maximum empirical likelihood estimator (MELE), profile likelihood inference
and parameter orthogonality. Also a heuristic argument can be made that Bartlett correctablility
is as natural with the EL as with the parametric likelihood. On the other hand in the presence of
nuisance parameters, the method facilitates conditional EL inference in place of profile EL under
parameter orthogonality.

The proposed method is believed applicable for the EL with random right censoring and/or a
increasing dimensional #. Due to technicalities related to censoring and increasing dimensionality,
we discuss these cases separately in subsequent works and focus on the application of the method
for the EL of a finite dimensional 6 with uncensored independent data. Section 2 introduces the
proposed method for the EL in a setting of estimating equations. Section 3 discusses parameter
orthogonality with the EL. Section 4 discusses profile and conditional EL inference in presence of
nuisance parameters. Finally Section 5 discusses EL inference in M-type regression to illustrate
the method for # being a non-continuous functionale. Simulation results are provided for M-type
regression in Section 5.3 where inference by the conditional EL is compared with inference by the
profile EL and via bootstrap methods. Throughout the paper we adopt the following notations:
for a square matrix v, v~ denotes a generalized (Moore’s) inverse of v. v, ;) and v(43) denote the
(4,7)th block sub-matrix of v and v~. Block sub-matrices of a block sub-matrix v(; ;) are denoted



by v ja))- If v is a vector, v(;) denotes the jth element. For a probability distribution F' of a
random variable Z, dF(z) = P(Z = z). Finally we let ch(A) denote the convex hull of a set A.

2 Method of parameterized sub-family of distribution

We first outline EL inference in a setting of general estimating equations considered in (16). Let
z1,- - ,2n be ii.d. observations from a d—variate distribution F;. The empirical likelihood for
some distribution function F is

Lp(F) =[] dF (=) =]]p: (1)
i=1 i=1
Only distributions with an atom of probability on each z; have nonzero likelihood and (1) is maxi-

mized by the empirical distribution function Fn(z) =n 30T [2i<2]"

Suppose that we are interested in estimating the p—dimensional parameter 8y previously defined
with respect to Fy via r— dimensional m(z,6y) (r > p) such that Ep,(m(z,6p)) = 0. A (profile)
empirical likelihood function for 6§ € RP is defined as

Lg(0) = max {sz Zpim(2i79) =0, Zpi =1, p > 0} ) (2)
i=1 | i=1

i=1
where p; = dF'(z;) for some d—variate distribution F. A unique value for the right-hand side of (2)
exists under the following convex hull condition:

Condition 1 Asn — oo, P(0 € ch({m(z1,60), - ,m(zn,00)})) — 1.

As in (16), we define the maximum empirical likelihood estimate (MELE) for 6 and Fp as
follows: 6 = argmaxLg(0) and F,(2) = YL pil[.,<2, where p; is the maximizer set that defines
Lg(f) such that Lg(f) =[], #:- The likelihood ratio is given by Rg(d) = Lg(0)/Lr(f).

Given a random sample of {z;}}_ ;, we consider following parametric family of probability dis-
tributions parameterized by 6 and A:

B = (FIEIN ) = DD AR 1<)

i=1
where

AFI (=) = L+ A Tm(z.0)}], 0 <dFNz), Y dFIN =) <1.
=1

The last condition is assumed without loss of generality as we can normalize Fi"*(2) by dFa™(z:)/ Yoy dFE (%)
if Yy, dFE™(z) > 1. Inference remains same with the normalized Fi(z) by the likelihood prin-

ciple. Note that Sfﬁ‘ is a family of distributions with an atom of probability on each z;. Likelihood
and log likelihood functions are given by

L0, = [[dFi =), 10,0) = logdFi ().
i=1



Suppose that m(z, ) is differentiable in some neighborhood of the true value 6. Score function
and hessian matrix are defined as follows:

Sn(0, ) = (Sp1)(0,A), Spi2) (0, A)) = (9L(0,7)/08 , AL(E, X)/ON)
/800, )/(aeaeT) 210, ) /(97907
Hn(0,2) = <a21(9, N/(000NT) D210\ )/(8A8>\T)>

Distributions in g2 satisfy usual regularity conditions and we define Fisher information matrix as
follows:

In what follows we let A(z) be a generic notation for integrable functions in this neighborhood of
0o.

Lemma 1 Consider a subset of 30 with Zng’A(z,-) = 1. For fized 0,

1 m(z;, 0
Sn(2)(0,X) = ZH—/\(T—m(z)Z,H):O' (4)

Assume that E[m(z,00)m" (z,00)] is positive definite, Om /08 is continuous in a neighborhood of
the true value 0y, and ||0m/30|| and ||m|]> are bounded by some integrable function A(z) in this
neighborhood. Also assume Condition 1. Then, for each 8 within the surface ball of ||0—6o|| < n=1/3,
A that satisfies (4) is uniquely defined.

Let A(f) denote the value of A\ that satisfies (4) and let FoA0)

(4). Then, Sf{)‘(e) is a set of distributions with an atom of probability on each z; and z;’s only.
Also for fixed 0, L(0, \) is a parametric likelihood problem in A, of which the minimum is defined

denote the sub-family that satisfies

by Sy 2)(0,A) = 0. Hence 522 i5 a set of the minimizers at each 6.
Via a Lagrange multipliers method applied to (2) we have S,,9)(6,A) = gg(A). It follows that

Lp(0) = L(0,A(9)) - (5)

In the language of (18), for fixed 6 L(0, A\(#)) corresponds to the most difficult parametric sub-
problem at 6. Hence Lg(#) is concerned with the parameterized sub-family of distributions Sf{)‘(e),
each member of which corresponds with the minimum of L(6,\) at fixed . The correspondences
are unique in the neighborhood where A(f) are unique. That is, where A(6) are unique, Fg’k(e)

uniquely defined and correspond with 6 one-to-one.

Let A = A(0). Trivially Lg(6) = L(9,\) = max o 050) L(0, A) and Rg(0) = L(6, A(6)) JL(0, ).
Also F,, = Fg’j‘ where ng’S‘(z,-) = 1/[n{1 +XTm(z,0)}]. It r=p, Fo(2) =n"'3 lz<z) € FoAO),
and 6 = 0 and Ff’j‘ = [,(2), where 0 is a solution to the equation n~' Y m(z;,6) = 0.

are

Lemma 2 Assume that Er[m(z,00)m" (z,00)] is positive definite, Om /00 is continuous in a neigh-
borhood of the true value g, ||0m /00| and ||m||®> are bounded by some integrable function A(z)
in this neighborhood, and the rank of Ep [0m/00|g=p,] is p. Also assume Condition 1. Then, as
n — oo, with probability 1, LE(H) attains its mazimum value at some point 6 in the interior ball
116 — 6] <n='/3 and 6 and X satisfy Sn(9,\) = 0.



Theorem 1 Assume the conditions of Lemma 2 and additionally that 0*m/0000T is continuous
in 6 and ||0*m /00007 || is bounded by some integrable function A(z) in this neighborhood. Then,

(Cl) B \/ﬁ(é - 90) - N(07 V) ) \/ﬁ(j‘ - O) - N(07 U)
Vn(Fu(z) — Fo(z)) — N(0,W(z)) where
T _ m -1
V= EFO (88—7;1 9:90> <EF0 (m(z,@o)m—r(z, 90))) 1 EFO (%—6 9:90>] ,

U = [Eg,(m(z,00)m" (z,60))] "
.
{I — Er, <%—7; e=90> V Ep, <%—7; e=90> [EFo(m(Zy90)mT(2790))]_1}7

W(z) = Fo(2)(1 - Fy(2)) = B(:)UB'(2),  B(2) = Epy[m(2,00)1[z,<]]

and 0 and X are asymptotically uncorrelated.
(b) WE(Q()) = —210g RE(Q()) - XI%'
(¢) The MELE 0 is asymptotically efficient.

Remark 1 Lemma 2 and Theorem 1 are essentially the same results obtained in Lemma 1 and
Theorem 1-3 of (16). The method of the parameterized sub-family of distribution does not add
any new results in this regard. However, the development of the results are straightforward. For
example, (16) utilized elements of S,, and H, in their derivation of the results without explicitly
explaining what they are and how they were obtained. Also the asymptotic efficiency of 6 can be
shown straightforwardly by the equivalence of V' to the Cramér-Rao lower bound of the estimator.
The simplicity of the derivation contrasts with Theorem 8 of (16) which relies on more elaborate
semi- and non-parametric results (1; 19).

3 Parameter orthogonality with empirical likelihood

Suppose that 6 = (61, 62) with ; € RP* and 0 € RP? (py + pa = p). We let (I,gll)(ﬁ, A))(ij) denote

the 7, jth sub-block matrix of the [7(111) (0, X). We define orthogonality between #; and 5 analogously
to the parametric case as follows: 0y is orthogonal to 6 if

(L0, 0)a2) = o(1). (6)

Similar to parametric case, 1 and 02 are orthogonal globally if (6) holds for all 6. If (6) holds only
for some 6*, then the orthogonality is local at § = 6*.

Consider dividing m(z,6) into mq(z,6) and ma(z,6) where mi(z,0) and ma(z,0) are the esti-
mating equations of dimensions r1(> p1) and r — 71 (> p2) that concern about #; and 65 such that
010 and 0y are given by solutions to Er,[mi(z,01,602)] = 0 and Eg,[ma(z, 010,02)] = 0 respectively.

Lemma 3 Assume the conditions of Theorem 1. Suppose that é;i is a v/n—consistent estimator of
0o. Then, (6) holds for 6} in probability if and only if mi(z,0}) and ma(z,07) are asymptotically
uncorrelated.



This is consistent with parametric case where parameter orthogonality means that the relevant com-
ponents of the score statistic are uncorrelated and orthogonal projection is defined with respect to
the expected Fisher information matrix. Hence a general procedure of orthogonalization such as
(2) or reference therein is applicable. The utility of the orthogonality for inference in presence of
nuisance parameter will be discussed in generality in Section 4.2. EL inference with M-type regres-
sion is an example of practical applications where a simple linear transformation exists to achieve
the orthogonality between vectors of parameters of interest and nuisance parameters. Details will
be presented in Section 5.2.

4 Empirical likelihood inference in presence of nuisance parame-
ter(s)

Suppose that we are only interested in the inference about the ps—dimensional parameter 65 and
61 is a (vector of) nuisance parameter(s). This has been a well-studied problem in the parametric
case. A standard approach is via profiling. Results are provided with the EL (18). We show that
similar results are yield yet in more straightforward and simpler manner with the proposed method
( Section 4.1).

A widely used alternative approach is via plugging-in: maximum likelihood estimates are
plugged-in for the nuisance parameters in the likelihood function and the resulting profile like-
lihood is examined as a function of the parameters of interest. This avoids profiling but can give
inconsistent or inefficient estimates for problems with large numbers of nuisance parameters, which
suggests that it may not be close to optimal for a subset of nuisance parameters (2). The “plug-in”
method was considered with the EL and asymptotic results for the “plug-in” profile EL ratio (4).
With the proposed method we show that the “plug-in” profile EL ratio has the usual asymptotic
x? distribution under the parameter orthogonality.

An alternative approach is via conditioning under parameter orthogonality. In the parametric
case, likelihood was conditioned on the maximum likelihood estimates of orthogonalized nuisance
parameters and the conditional profile likelihood function was used for inference (2). We take a
similar approach with the EL. A caveat to the results in the following section is that with the EL,
the “plug-in” and conditioning method produce the same EL. Details are presented in Section 4.2.

4.1 Inference by Profile Empirical Likelihood

Via profiling we have the following EL and associated likelihood ratio statistic:

.ZE(HQ) = Hl@?XLE(Hl, 92) N RE(QQ) = EE(HQ)/IHGE;X I_/E(Qg) . (7)

Trivially 6y = argmazg, Lr(02) and the MELE of 63 remains same whether profiling the EL or not.
It follows that RE(QQ) = I/E(HQ)/.Z/E(HQ)

Let 01(02) = argmazg, Lp(601,02). Via the method of parameterized sub-family of distribution,

the profile likelihood is concerned with a subset of 39 that are defined by a solution to (4) at each
fixed 6y with 67 = 61(62). Let A(62) denote a value of A\ that satisfies (4) with 61 = 61(62). Then,



01(62).62.X82) qonotes the sub-family of the parameterized probability distributions that Lg(62) is

concerned with. We have
L(62) = L(01(02),09,A(62)), Rp(f2) = L(61(62), 02, \(02))/L(61,62,)),

which is useful proving the following theorem.

Theorem 2 Assume the conditions of Theorem 1. For 0y within the surface ball of ||62 — 02| <
n1/2

(a) S792(01(02),02,\(02)) = 0 for all n, where S;7%2(6,\) = (91(0, \) /061,
AL(B,N)/ON).

(b) [161(62) — b10]| = Op(n='/?).
(¢) Wg(f) = —2log(RE(620)) — Xj, as n — oo.

Theorem 2 (c) is similar to Corollary 5 of (16) but again the derivation is much straightforward
with the proposed method.

4.2 Conditional Empirical Likelihood

We first define conditional empirical likelihood. Conditional EL of 5 given 6; = 0] and associated
likelihood ratio statistic are given as follows:

Lp(02167) = max{[ [ pil Y pim(zi,63,62), > _pi =1, pi > 0} (8)
i=1
Rp(02107) = LE(0:07)/ max Ly (62/01) -
2

One may consider the following definition of conditional EL.

maX{H?:l pl| Zpim(z%erv 02)7 sz = 17 Di > 0}
maxg, max{[[;_, pi| > pim (2, 0%,62), >pi =1, p;i > 0}

By this definition, Rg(02|07) = L (02]07). (8) avoids the redundancy.

Note that Lg(62]07) = Lg(07,62). That is, conditioning and plug-in method produce same
EL. We call (8) conditional EL for the following heuristic reasons. Conventionally plug-in method
considers “good” values to fill in for 67, for example, values of consistent estimators. In this paper
6 is replaced with not necessarily “good” values. For example, L(f) = Lg(8(02),02) where 01 (65)
is not necessarily close to 81y unless 0y is close to 0y9. Also the name provides some consistency
with parametric case in Bayesian analysis. EL can be considered as an alternative to a parametric
likelihood in Bayesian analysis as a way to reflect uncertainties in the likelihood specification and
to achieve some robustness in the analysis (6). With the EL, the posterior distributions need to
be computed via Markov chain Monte Carlo (MCMC) methods which use conditional likelihood in
the parametric case.

LE(02107) =




Let us consider inference by conditional EL for § under parameter orthogonality. An obvious
candidate for the conditioning value of 87 is 81 and we have

Lp(02]01) = max{] [ pil D pim(zi,01,62) =0,> pi=1,p; > 0}. 9)

Trivially 6, = argmazg, L E(02|§1) and the MELE of 05 remains same. Via the method of parame-
terized sub-family of distribution, the conditional EL (9) is concerned with a subset of S%A, of which
each member is defined by a solution to S,,(2) (61,02, A) = 0 for fixed 6. We let A(62) denote the value

of \ that satisfies Sn(Q)(él, 62,)) = 0. Then, 01.622(%2) qenotes the sub-family of the parameterized

probability distributions that Ly (6s|0;) is concerned with. We have Lp(62]61) = L(61, 02, A(62)),
which helps deriving the following results.

Theorem 3 Assume the conditions of Theorem 1. Let WE(92\9~1) = —2log RE(02\9~1). For 04
within the surface ball of |0 — || < n~1/2,

(1) if the orthogonality condition (6) holds,
101(02) = 61| = Op(n™") , [log Lip(82) —log LE(s61)] = 0,(1),
and [Wg(62) — Wg(0a]61)| = 0,(1). Furthermore Wg(620|61) — Xz, GS N — 00.
(11) If (6) does not hold,
161(62) — 61| = Op(n™"/%) , |log L(82) —log L(82]61)] = O,(1),

and |W g(09) —Wg(62161)| = Op(1). Furthermore Wg(629|61) — dixi +---+dexi, where the
weights, d;, are the eigenvalues ofIN? (defined in (?7) in the appendiz) and X%,i are independent
chi-square distributions with one degree of freedom.

When the asymptotic properties of WE(020|§1) are concerned, similar results exist in the liter-
ature as shown in the remarks below. Theorem 3 is more detailed and extensive, as it additionally
provides results about WE(92\9~1) for 65 in the neighborhood of the true value and conditions under
which Wg(62/6,) is a good approximation of W g(6). This is useful when confidence interval /region
is concerned as inference by the profile conditional EL is computationally much more efficient than
profiling EL.

Remark 2 In a univariate case with mean p and variance o the Corollary 1 of (10) showed
that —2log Rp(uy) with p, = u+ Ton~1/2 converges to a non-central chi-squared distribution
with the non-centrality parameter 72. A complementary result of that is p, = p + Ton™" with
v > 1/2 will lead to x3. Theorem 3 can be seen as a version of the Corollary 1 of (10) and its
complementary result with estimating equations. Note that Lg(02]01) = Li(02-+¢,(01—01(02))) with
the perturbation en(él —01(02)) as a function of 0, — 01(62). The theorem provides a condition

under which the perturbation is at the magnitude of op(n_1/2) for 0y within the surface ball of
H92 — 920” < n‘1/2.



Remark 3 Theorem 2.1 of (4) reported similar results concerning

WE(020|§1). Their results are general in the sense that the nuisance parameters can be of infinite
dimension and any consistent estimates of 01 are allowed for the plugging-in. However, they are lim-
ited to a just determined case. That is, in the given setting, the results of (4) are fully applicable only
when m(z,0) are reduced to py number of equations that concerns with 02 via transformation (see
Theorem 4 and related discussion below). However, the main ideas are valid: the asymptotic distri-
bution of the likelihood ratio statistic depends on the asymptotic variance of n~1/2 > m(zi, él, 620)
and the limit of n=1>" m(z;, 01,020)m " (2,01,05). If they coincide, the limiting distribution is the
usual X1272’ which is the case under the orthogonality. Without the orthogonality, the limiting distri-
bution is a mon-centrial xf,2. Lemma A.3 verifies this in the appendiz. However, the expression of
D is not same as the product of the variance of n=/2 > m(zi, 6, 020) with the inverse of the limit
of n=! Zm(zi,él,Hgo)mT(zi,él,Hgo) as proposed in Theorem 2.1 of (4).

Remark 4 Note that Lr(020) = Lr(01(020),020). Hence Theorem 2 can be seen as a special case
of Theorem 2.1 of (4) with 01(020) plugged in for 0. Lemma A.4 in the appendiz verifies that the
asymptotic variance of n~/? S mi(zi,01(020),020) and the limit of n=1>" m(z;,01(620),020)

m' (2;,01(020),020) coincide always, which confirms the results of Theorem 2 using the results of

(4)-

Remark 5 We show that Condition 1 is sufficient for the usual convex hull conditions for Lg(6:)
and Lg(02|01). The convex hull conditions are respectively that as n — oo,

P(O € Ch({m(zl,e_l(em),ezo), s ,m(zm 0_1(020)7 920)})) - 1’
P(0 € ch({m(z1,01,0%), - ,m(2n,01,02)})) — 1.

This is satisfied under Condition 1 as m(z,él(ﬁgo)ﬁgo) — m(z,00) and m(z,01,09) — m(z,6)

uniformly as n — oo by the consistency of 01(620) and 01 and the continuity of m(z,0) in the
neighborhood of 0.

We can easily see from Lemma 3 that m;(z;, él, 02) and ma(z;, 51, 02) are asymptotically uncor-
related for 6, within the surface ball of ||f2 — f2|| < n~'/2 under the orthogonality. We consider
the following EL for the inference of 6.

Lp(6y) = max{] [ pil D _ pima(zi,01,02) =0, pi=1,p; > 0}.

Similarly to the earlier sections, we consider the following family of distributions parameterized by
0y and v € R™"1:

Fo = {FPANFPR(2) =) dFP7 (20) 122} (10)
=1

where ngz’y(zi) = 1/In{1+~Tma(z, 51,92)}] ,0< ngz’V(z,-), Sy ngz’y(zi) < 1. Then, ZE(HQ)
is concerned with 5%’7(02), a subset of 5%’7 with »° ngQ’A’(zi) = 1 where ~(f2) denotes a solution

to B
1 ma(z,01,02) _
Sn(2)(927/7) - E Z 1 +7Tm2(zi,6~1,92) =0. (11)

When L(6s,7) denote the associated likelihood, Lg(#2) = L(62,~v(62)), by which the following
results are derived straightforwardly.




Theorem 4 Assume the conditions of Theorem 1. If the orthogonality condition (6) holds,
Lp(62) = Li(6s) + 0p(1)

for 0o within the surface ball of ||02 — O] < n=2. Moreover, WE(HQO) — Xfm as n — oo, where
Wg(62) = —2log[Lp(62) — Lr(6s)].

5 Empirical likelihood for M-type linear regression

We first overview two different types of linear models and EL formulations, namely casewise and
residual EL, by adapting the discussion of (20) to M-type regression. Let p(u) be a convex loss
function with ¥ (u) = p (u) that is not necessarily continuous at zero but monotonically non-
decreasing function. Following (3), the main characteristics of two different types of linear models
concepts can be summarized as follows.

Correlation Model: We observe i.i.d. random vectors (Y;, X;), ¢ = 1,...,n, from a common
joint distribution Fy where the one-dimensional responses Y; and the p-dimensional covariates X;
are related by a linear regression Y; = XZ-T 0 + e; where the true value of the parameter 6 is defined
as a solution to Eg, [¢(V; — X;'0)X;] = 0 if Ep [X " X] is of full rank. An M-type estimator of 6y is
given by a minimizer of ) p(Y; — XZ-T 0). A correlation model is used if, for example, the goal is to
estimate a regression plane on the basis of a simple random sample of multivariate observations.

Regression Model: The covariates x;, ¢ = 1,...,n, are fixed, constant, and observable p-
dimensional (column) vectors, forming a matrix of full rank. At fixed z;, we observe the responses
Y; that are independent random variables with distributions having location parameter xZT G such
that Y; = :EZT Bo + e; where e; are i.i.d. mean zero random variables with a common distribution
F,. The true value of the parameter (3 is defined as a solution to Er, [¢(Y; — z; 3)z;] = 0 for all 4.
An M-type estimator of 3y is given by a minimizer of ) p(Y; — :E,T (). In general, regression models
are used if measurement error of the response is the main source of uncertainty.

A major difference is found in the assumptions on the errors e;: in the regression model, the
errors are assumed homoscedastic, whereas the conditional distribution of the error term, given X,
in the correlation model is allowed to depend on X. That is, the errors in the correlation model
can be heteroscedastic. If bootstrap methods are applied in a correlation model, the appropriate
resampling approach is resampling the vectors, and not the residuals, while an appropriate boot-
strap for the regression model would resample the centered residuals. The names of two different
EL formulations, casewise and residual EL, come from this analogy to bootstrap methods.

Suppose that ¥ (u) is a continuous function at zero for expository purpose. In the correlation
model the probability distribution under consideration is the (p+ 1) dimensional joint distribution
and EL for 6 is constructed casewise:

Li(0) = max{[ [ pi| Y pib(yi — x/ 0)2: =0, pi = 1,p: > 0} (12)
i=1

where p; = dF ((y;,x;)) = P((Y,X) = (yi,2;)) for some (p + 1) dimensional distribution function
F. On the other hand in the regression model the univariate error distribution F; is of interest and

10



EL for (3 is constructed residual-wise: when r;(3) = y; — xZT 0,

Lp(8) =max{[ [ pi| Y pib(ri(8))ai =0, pi = 1,p; > 0} (13)
i=1

where p; = dF(r;(8)) = P(e = r;(3)) for some univariate distribution function F'.

When there is no censoring, these EL functions and their ratios have identical values under
either regression or correlation model (11). Thus, for uncensored data, the two different models
mainly pertain to two different sets of assumptions under which the EL version of Wilks theorem
holds. They yield identical p-values or confidence intervals, though interpreted differently. Under
censoring, however, the two concepts lead to different estimators and empirical likelihood ratios.
We refer to (20) for more details of comparisons between two models in censored case. We defer
the discussions of a method of parameterized sub-family of distributions with EL and conditional
EL inference for censored case in a subsequent work.

The regression model in this paper is different from the regression model of (11) where e;
mean zero independent yet not necessarily identically distributed random variables. With the
heteroscedastic errors regression model, an EL function and its ratio are identically defined as to
(13). Also all the results in the later section will hold similarly with slightly modified conditions.
However, the interpretation is different. In (13) the EL is essentially concerned with the common
underlying error distribution F, and F(s) = }_ Ijs<y,(3)dF (ri(3)) are considered as a candidate
or an estimate of F,. With the heteroscedastic model, the distribution under consideration is the
mixture distribution lim, ., n =13 Fy, (s) where F (s) = P(e; < s|x;).

From (12) note that the correlation model can be seen as a case of general estimation equations
problems where Z = (Y, X ") T, 2, = (y;,2)" and m(2;,0) = ¢(y; — x{ 0)x;. Then, the results in
the previous sections hold for the casewise EL and its ratio if ¢ (u) is continuous at zero. Hence
it suffices to show similar results for ¢ (u) that are not continuous at zero to complete the theories
for the casewise EL. We will discuss the discontinuous () in the next section for the residual EL
in the regression model, which requires different sets of conditions and need to be explicated. We
recycle most of the notations from the previous sections.

5.1 M-type linear regression model and residual EL inference

We first formally define an M-type estimator Bn with estimating equations: ﬁn is any estimator
satisfying

n S G(ri(B))ai = e, (14)
i=1

where ¢, € RP with ||e,|| = o(n~/2). The rate is given by Lemma A.2 of (17) and implies that 3,
is unique in the order of n=%/? with t(u) that are not continuous at 0. With v(u) continuous at
0, ¢, = 0. €, is ¢ dependent but the relationship is suppressed in the notation. Mean regression
corresponds to a case with p(u) = u* and ¢(u) = u. When p(u) = p,(u) = u(r — Ij,<q)) for some
7 € (0,1), ¥(u) = Y7 (u) = 7 — I}y« and this corresponds to quantile regression (see (5) for an
overview). When p(u) = |ul, then 9 (u) = sign(u) and it corresponds to least absolute deviation
regression or median regression, which is a special case of quantile regression with 7 = 0.5.

11



We define a residual-wise (profile) EL for 3 as follows:

Lg(B) = maX{sz’ | Zpiw(n(ﬁ))xi = 6n72pz’ =1,p; > 0}, (15)
i=1

where p; = dF(r;(3)) for some univariate distribution F'. From (11) the usual convex hull condition
is as follows:

Condition 2 As n — oo, ch(NT) N ch(N™) # 0 with probability tending to 1, where NT =
{7‘@-|ri(ﬁo) > 0} and N~ = {ri|7“i(ﬁ0) < 0}.

We define a maximum empirical likelihood estimate (MELE) for 3 and F. by 8= argmaz Lg(3)
and Fy(e) = > 1" Pill,,(3)<e» Where p; is the maximizer set that defines Lg(B) such that Lg(5) =

1/, pi- The likelihood ratio is given by Rg(8) = Lr(8)/Lz(6).

We consider following parametric family of univariate probability distributions:
n
Fat = {EPANEINe) = Y dEIA (ri(B) 1, (5)<e)}
i=1

where
dEP (ri(8) = 1/n{1 + AT (ri(8))}], 0 < dFA(ri(8)), > dE (ri()) < 1.

The last condition is similarly assumed without loss of generality. Sn’)‘ is a set of distributions
with an atom of probability on each r;(3). Likelihood and log likelihood functions are given by

LB, =11, dF2MN ri(3)) and 1(B,A) = S log dF2* (ri(B)) respectively.

We assume following conditions.

Condition 3 v (u) is a monotonically nondecreasing function with strict monotonicity about 0 such
that Y(u™) < ¥(ut) at u =0 and Er,[1(e)] =0 and 0 < Eg,[1)*(e)] < co. For some by > 0,

Er [Y(e+ s)] =bis+ o(s) as s — 0. (16)
In some cases, we assume a stronger version as follows:

Ep.[(e +5)] = bis + O(s?) as s — 0. (17)

Condition 4 There exist positive constants, ba,bs, and by such that Ep [(e + s) — 1(e)]? < b|s|
and [Y(u+ s) —(u)| < bs for all |s| < by and u € R.

Condition 5 f.(0) > 0 and f.(u) is Lipschitz in a neighborhood of zero, where f. denote the
density function of the error variables.

Condition 6 n~'/2max |z;;| = o(1) and n™2Y" ||z||* B[4 (e)] — 0 as n — oo. There ewists a
positive definite matriz X, of rank p such that n=1>" xeZT — Y.

12



Condition 5 is added for quantile regression.

Define S,,(6,\) and H, (3, \) as follows:

B Aoz Y(ri(8
Sn(ﬁ> )‘) - < Z 1 +)\T qu TZ Z 1 +)\T 7,7;[) TZ(ﬁ)))

2 (ziz (AT 2; a:T)
w0 = AT i ()P
-
o zi,] - JATziz])
Hpa2) = Hn(21) - blz 1+ ATah(r; (B 12 1 + AT% ¢ (5))]2

B P2 (ri(8))miw]
o) = 2 T A 2 ()

Let In(ﬁ> )‘) - - Frf?’)\[Hn(ﬁv A)]
Lemma 4 Consider a subset of §o™ where Sy dFPMNri(B)) = 1. For fived B,

VB _
o) = 5 T et = "

Assume Condition 8 with (16) and Conditions 4-6. Then, for each [ within the surface ball of
18 — Bol| < n~Y2, X that satisfies (18) is uniquely defined.

We let A(3) denote the value of A that satisfies (18) and let 522 denote the subset with
Zde ”\(ri(ﬁ)) = 1. It is a set of distributions with an atom of probability on each r;(3) and

r;(3)’s only. Also for fixed 3, L((3, \) ia a likelihood in A and the minimum is given by (18). Hence

g2 is a set of minimizers of L(B3,\) at each 3.

If v is continuous at 0, Lg(8) = L(B, A\(8)) and log(Lg(B)) = (8, A\(B)). If not,
log Lr(8) = 1(8,M(8)) + 0p(1)

for § within the surface ball of || — Bo|| < n~'/? (Lemma A.5(iii) in the appendix). Heuristic
arguments are as follows: via Lagrange multiplier method, for fixed (3, the right-side of (15) is

explicitly given by [1pi(8) where pi(8) = [n{1 + (\*(8)) T (x:tb(ri(8)) — €)}] ™" with A*(5) given

as the solution to
sz xz =€n. (19)

If ¢(u) is a continuous function at zero, (19) is equlvalent to (18), A*(8) = A(B) and p;(B) =

de’)‘(T,-(ﬂ)). If not, (19) is equivalent to (18) only in a limit sense. In the language of (18), Lg(3)

is concerned with SQ’AW ) in the limit sense that each member of SQ’AW ) is obtained as a solution

to a p—dimensional subproblem that is equivalent to (19) in the limit at each 3. Let A= )\(B)

Theorem 5 Assume Condition 3 with (16) and Conditions 4-6. Then,

(a) ||6 — Boll = Op(n=2). If (u) is continuous at 0, ||S, (8, \)|| = 0. Otherwise
15(8, M1 = op(nllenl]). (20)
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(b) V/n(B— Bo) = N(0,(02/b)%7) and ||A]| = op(n™1/2).
(¢) Wi(Bo) = —2log R(B0) — X;-

5.2 Conditional residual EL inference with M-type linear regression model

We consider EL inference for a part of 3y as follows: Y; = xlTZﬂlo + x;ﬂgo + e; where (o0 € RP? is
of inference interest. With a standard approach via profiling, we have L ((2) = maxg, Lr (61, 52)
and By = argmazs, Lp(Bs), and the likelihood ratio is Rp(f2) = Lp(B2)/Lr(32). We have the
following results.

Theorem 6 Assume the conditions of Theorem 5.
W Eg(B) = —2log(Rg(B)) — X?& as n — oo.

Alternatively we consider following conditional EL

Li(B2|61) = max{ [ pil > pitb(ri(B1, B2))ai = en, Y _pi =1, pi > 0}.

With respect to the M-type regression, parameter orthogonality means ;1) = 0. Then, the
following results show that inference by Lg(/32| ﬁl) is asymptotically equivalent to the inference by

Lg(f2).

Corollary 1 Assume the conditions of Theorem 5 with (17) instead of (16). Let Wg(B|p1) =
—2log Re(B2|61). If Xpi2) = 0, for B2 within the surface ball of ||B2 — Baol| < n=1/2,

|log Li(B2) —log Le(Ba|B1)| = 0p(1)  and  [Wg(B2) = We(B2]61)] = op(1).
Moreover Wg(fBa0|31) — X2, as T — 00.

An example of the global orthogonality with X, 15y = 0 is ANOVA type analysis: y; = xlTZﬂl +
T9; 02 + €; where x1; is a group indicator for the placebo, and x9; is a vector of group indicators for
an active control and experimental treatment group. (2 denote a vector of treatment effects of the
active control and the experimental treatment. If inference is concerned about whether the effect
of the experimental treatment has the same efficacy as the active control, allowing it to be different

from the placebo effect, we are only concerned about . Normally we do not have 3,(19) = 0 other
than this trivial case.

In M-type regression we have a linear transformation that achieves the orthogonality. Define
Xomy = (@11, 210) |, Xy = (@21, ,220) |, Wy = diag(dFJ (ri(3))
Tl = T 3 = 2i — X, oy W X1y (X1 1y W X (1))~ 14
G=p+ (X;Lr(l)Wan(l))_X;—(l)Wan(2)ﬁ2 ’ G2 = fo,

where (X ;(I)Wan(l))_ denotes a generalized (Moore’s) inverse matrix. With the transformation

Y, = JE:TC + e; and a residual-wise EL is given by

Lp(¢) = max{[ [ »i Y piv(ri(Qaf = e, pi=1, pi > 0},

where p; = dF(r;(€)) for some univariate distribution F'.
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Lemma 5 Let Yy« = lim, n™ ') :Efx;"T Then, 3gx(12) = 0.

When ¢; = 3 + (XJ(I)Wan(l))_XJ(I)W”X,L(Q)BQ and ¢y = B, we have ¢ = argmaxzL(¢) by the
invariance of MELE. As (o = (32, we consider a conditional EL L E(Cg\fl) for the EL inference of
B20. We have the following result from Corollary 1 and Lemma 5.

Corollary 2 Assume the conditions of Theorem 5 with (17) instead of (16). For (o within the
surface ball of ||Bz — Baol| < n~Y/2,

|log Lg(B2) —log LE(G2[C2)| = 0p(1)  and  [W(52) — We(Gal2)| = 0p(1).
Also as n — oo, WE(CQO’&Q) — X§2-
Also consider
Lp(G) = max{[ [ pil > pit(ri(Q)as; = €.y pi=1, pi > 0}, (21)
where € € RP? with ||e}|| = o(n~'/?). This has a computational advantage over Lg(Cs|Cs) that

algorithms such as R emplik package are available as ¢(r;({)x3; is of pe-dimension. We have the
following result from Theorem 4.

Corollary 3 Assume the conditions of Theorem 5 with (17) instead of (16). For [y within the
surface ball of || — Baol| < n~V/?,

|log L (B:2) — log ZE(CQ)\ = 0p(1) and |log Wg(B2) — log WE(CQ)] = o0p(1).
Also Wg(Cao) — X, Gs . — 00, where Wg(C) = —2log[LE(C0) — L(()).

A EL ratio test with an asymptotic level a for any 0 < a < 1 rejects the null hypothesis if
Wg((2) > q1—a Where q1_q is 100(1 — o) —th percentile of X12>2‘ Conversely, an EL confidence region

for (o9 with an asymptotic coverage probability 1 — « is given by {Cg]f 2((2) < qi—a}-

5.3 Monte Carlo Studies

Figures and tables are presented in the appendix 6.3.

5.3.1 Study 1

We examine EL ratio test by conditional profile EL with two M-type regressions, least squares and
median regression. Data was generated from the following model:

Vi=xB+e,

where z; = (zq1,-- ,2i5)", 8 = (3,2,1,1,1,1)7, and e; are i.i.d. random error variables. The
independent variables x; were sampled as follows: z;1 ~ x1, Ti2 ~ N(—1,1), 23 ~ U(0,1), xi4 ~
N(2,1) and x;5 ~ x1 — 1. Sample sizes n = 100, 200 and 400 were considered for each of three
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error distributions, a standard normal (N (0, 1)), a t distribution with degree of freedom 3 (¢3) and
exponential distributions, centered respectively to be mean zero for the least squares regression and
median zero for the median regression. 3000 simulations were conducted for each error distribution
with each sample size to test null hypotheses Hy : 8o = 2 and Hy : B = (2,1)7

For computational simplicity, we used WE(CQO) in the simulations. Figures 1 and 2 show that
the distributions of the observed Wg((ag) agree well with respective x? reference distributions. The

estimated type I error rates are reported in Table 1. For comparison, we considered the following
EL:

Lp(B2) = max{] [ pil D_ pitb(ei — w5;(B2 — Ba0))a2i = €, > pi =1, p; > 0},

where €% € RP? with ||eX|| = o(n~1/2). We compute Wg(f2) = —2[logLg(B820) — log maxLg(5s)].
As the true parameter values are plugged in for i, a test by Wg(/f89) should show an “optimal
performance” for an EL test. The estimated type I error rates of the proposed conditional EL are
close to the nominal level with differences of magnitudes that are comparable with the case of the

test by Wg(520).

5.3.2 Study 2

We examined the length and coverage probability of a confidence interval constructed by the pro-
posed conditional EL. We used the same simulation model and computed confidence intervals for
P20 = 2 for three error distributions with n = 100,200,400. Again for the stated computation
simplicity we used Wg({2) instead of WE(Cg\fl). For comparison, we used pairwise bootstrap
method and computed two confidence intervals based on 200 bootstrapped samples, one by using
percentiles of bootstrapped estimate distribution (BP) and the other via normal approximation
based on standard error estimates from the bootstrapped estimates (BN). Table 2 summarizes the
simulation results.

When the least squares mean regression is concerned, all three methods tend to cover the true
parameter value less frequently than the nominal levels claim, while the EL based method tends
to undercover the parameter value and the bootstrap methods tend to overcover when the median
regression is concerned. The undercoverage with the least squares mean regression is severer in small
samples (n = 100) and with the EL based method, while the shortest average interval length of the
EL based confidence intervals indicates a trade-off between the coverage and the interval length.
With the median regression, the EL. method undercovers the true value to a similar degree that the
bootstrap methods overcover and both problems are not serious compared with the under coverage
of the least squares. When the trade-off between the interval length and coverage is accounted
for, all three methods performed comparably in terms of the coverage. An interesting question
that remains to be answered is whether Wg((2) is Bartlett correctable or not. If correctable,
improvement on the coverage probability can be achieved.

However, when the ratios of % miss below over % miss above the confidence intervals (the
parenthesized numbers in the table) are considered, the EL method shows more balanced perfor-
mance with the exponential error distribution uniformly in all sample sizes and in both the least
squares and median regression. The closer to 1 the ratio is, the more balanced the performance
is in terms of the % miss below and % miss above. The EL has the ratios closest to 1 among the
three methods. This shows that the EL method better adapts to the error distribution. With the
symmetric error distributions, performances by all three methods were well balanced with no clear
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discrepancies. Another point to note is a generic advantage of EL based method over bootstrap
method: when (9 is in a higher dimension (py > 2), construction of confidence regions is not clear
via bootstrap methods, while it is natural with EL based method.

5.3.3 Study 3

We examined the relationship between W (32) and the proposed conditional EL ratio. Con_tours
(for B3 = (2,1)) and curves (for B = 2) were computed by two different EL ratio functions, W (/33)
and Wg(¢2) based on the same data generated from

Yi =3+ i1 + 27422 + ¢,

where z;; ~ N(—1,1), 22 ~ x1 and e; are i.i.d. random error variables from N(0,1). Figure 3 shows
that the confidence intervals and regions by two EL functions agree well increasingly with growing
n. However, computational efforts were significantly different by the two methods. Computation
of Wg({2) is much simpler.

6 Appendix

6.1 Proofs for the results in Sections 2, 3 and 4

Define
M,(0) =n~" Zm(zi, 0), Yo(0) =n"! Z m(z;,0)m" (z,0),

- F{ a5 |0=06
H _ 0 89 0

—Er, (%—ZL 0=90> Ery(m(z,60)m" (z,60))

Let Hyiek)) (0, ) and Hy 50y (0, A) denote sub-block matrices of the djth sub-block matrices
of H,(0,\) such that Hn(n(ij))(e,)\) = 821(9,)\)/89289;— and Hn(m(l))(e,)\) = H;—(lz(l))(e,)\) =
0%1(0,\)/0X00.  Let H,%(6,\) and H~% denote respectively H, (6, \) and H less the components
with respect to #y similarly to S;%2(6,)). Unless necessary, we suppress the subscript n. Let
My = Mn(e()), Yo = En(eo), So = Sn(eo,()) and Hy = Hn(e(),()). Let \g = )\(90) We let 6§, be a

generic notation for the remainder in Taylor expansion.

Proofof Lemma1l  Theequation (4) can be derived by algebraically rearranging >, dF? ”\(zi)—
1=0. As 0 < dFJ(z) <1, Dg = {1 + ATm(2,6) > 1/n, i = 1,--- ,n} denotes the set of fea-
sible \ for fixed 6. Dy is open, convex and bounded under Condition 1. Also 9%1(8,\)/(ONONT) =
Som(zi, 0)m T (z;,0){1 + XTm(z;,0)} 2. Then, 1(6,\) for fixed @ is a continuous function of \ de-
fined over Dy with a positive definite hessian matrix, if n=! 3" m(z;,0)m " (2, 0) is positive definite,
which is true with probability 1 for  within the surface ball of |6 — || < n=1/3.

Lemma A.1 Assume that m(z,0) is continuous in some neighborhood of @y and E(m(z,00)m" (z,6))
and E[0m/00|g—g,] exist. Then, n~ Hy — H.
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Proof Note that Hp(;q) = 0 with A = 0. The rest of the proof follows from the strong law of
large numbers.

Proof of Lemma 2 From the equation (4), Si)(6, A(f)) = 0 and
AO) =S HOM®B) + o(n /) = 0(n~3)  (as.), (A1)

uniformly about 6 € {6|||60 — 6o|| < n~'/3}. Let 6 = 6y + un='/3 for 6 € {0]|6 — 6o|| = n~/3}
where ||u|| = 1. By Taylor expansion,

1(6,A(0))

= —nlogn — gM(H)[E(H)]_lM(H) +o(n?)  (as) (A.2)

= —nlogn — = [O(n_lm(lo logn)'/?) — H un_l/g]TH_l

- g 2 g log (21) (22)

[O(n_l/Q(log logn)'/?) — H(gl)un_l/g} +o(n'?)  (as.)

< —nlogn—(c—en'?  (as.),

where ¢ — € > 0 and c is the smallest eigenvalue of H(lg)Hélz)H(gl). Similarly,
1(6g, A\g) = —nlog(n) — gMoTﬁo_lMo +o(1) (as.)
= —nlog(n) — O(loglogn) (a.s.)

Note that max (6, \(f)) = maxlog Lg(0) < —nlogn and (8, \(#)) is a continuous function about
0 € {0110 — 0ol < n~1/3}. Therefore, 1(f,\(f)) has maximum value in the interior of the ball and
S(@,\) =0.

Proof of Theorem 1 (a) From the definition of (é, /N\) and by Taylor expansion, for all
n?

0=n"Y250,)) = n~Y28) + /n((0 — 00) ", AT)(n " Hy) + 0,(5,) (A.3)
where 6, = /n||0 — 8o|| + v/7||A||. We have

Vi (9 390) = (n™"Ho) ™M (=n"'%50 + 0,(6n))

Asn~'Hy — ‘H by Lemma A.1 and ||n="/2Sp|| = 0,(1), we know that 8, = O,(1). As V = —HI),
we have

V(6 — 6y) = VH 12y H g0 VMo + 0,(n~1/?) (A.4)
Vi = Hgy {1 = Han)VHag Hghy )Mo + Op(n~"?).

The rest of the proof follows from the asymptotic normality of \/nMjy by multivariate central limit

theorem. The results with FS’S\(Z) follow similarly.
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(b) Note that Wg(0y) = —2[1(fo, Ao) — 1(B, X)]. As (6, \o) satisfies the equation (4),
Ao = H(22)M0 + Op( 1/2) . (A5)

By Taylor expansion similar to (A.2) and from (A.4) and (A.5),

n - p—
5 MoH 3 {I - H(21)VH(12>H(2§)} Mo + 0p(1),

n _
(6, \o) — 1(6,0) = _EMOH@;)MO + 0,(1).

1(6,X) — (0o, 0) = —

We have
Wi (00, o) = (Hio)V/mMo) " [H o) *Hian) VH (1) H )] (A-6)
(Higs)" VM) + 0y(1).
which is the same results as in Qin and Lawless (1994). As in (16), the desired result follows

from the fact that (Hoy, % 2 /nMy) converges to a standard multivariate normal distribution and
[H(22§ H(Ql)VH(lg)H(2;§2] is symmetric and idempotent, with trace equal to p.

(¢) Aslim,_ {f H(, /N\)dFS’S‘ —n Y H(0,\) +n" H(,\) — n~ H (b, 0)} = 0, we have limy, o0 I,(,\) =
—H from Lemma A.1. The Cramér-Rao lower bound for the estimator of 6 is given by —(H 1) —

H(m)Héé)H(m))_l. As Hppy = 0 and V' = (H(lg)Héé)H(Ql))_l, the asymptotic variance of 6
achieves the lower bound.

Proof of Lemma 3  Similar to Fe )‘(6( ), it can be shown that F;f’*“*(e;?) (2) is a y/n-consistent
estimator of Fy. Then,

/ (B2 AB2)) A0 — =V (82, M(82)) + n H (63, M62))
S @ MOL) + n HOAGS)) — i H (60, 0) = op(1),

and lim,, oo I,, (6%, A(0*)) = —H from Lemma A.1. On the other hand (6) implies —(H(ll))(12) =0,
which is
~Hao)Hy i) =0, (A7)

where Hj9) is of rank p and H (o) is positive definite under the conditions. Hence (A.7) holds if
and only if

8’171,1
002

6= 90:| = EFO [ml(z,ﬁo)m;(z,ﬂo)] . (AS)
(A.8) holds if and only if m;(z,60%) and ma(z,6%) are asymptotically uncorrelated.

Proof of Theorem 2 (a)  For agiven 6, note that Lg(f2) = maxg, L(61, 0, A\(61)) where
(61, A\(01)) satisfies the equations (4) for the fixed #3. That is, for the fixed 0, 91(61,62,\)/ON =0
for A = A(#1). Also I(01,02,)) is a continuous function in §. Hence by the definition of 6;(65)
and \(62), S7%2(01(62),02,X(62)) = 0 for all n and all f, in the neighborhood that m(z;,#) is
differentiable.
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(b) By Taylor expansion similar to (A.3),
it (1) = 07 010,020 VS 0 80.0) + 0y(B)). (A9
2

where 5n = ﬁH@](Gg) - 910” + \/EHS\(HQ)H As H@Q - 920” < n‘1/2,
n-1H% (910,92,0) — HO by Lemma A.1. Also 7\/HM(910,92,0) = \/HM(] — H(Ql(z))\/ﬁ(HQ —
020) + Op(l). From this we have 5n = Op(l) When ‘/1 = (H(12(1))H(_2§)H(21(1)))_17

01(02) — 0 _
v < 1()\2()92) 10) = Vi(vnMy — H(a1(2)) V(02 — 620)) + 0p(1) , (A.10)

and the proof is complete.
(C) Let 510 = 9_1(920) and /_\0 = 5\(920) Then,
W g(020) = Wg(6o) —

where W = —2[1(610, 620, A\o) — (10, 020, A\o)]. Then, it follows from (A.10) and by the definition of
510 that

V(019 — 010) = VlH(lg(l))H(_Qé) VnMo + op(1), (A.11)
Vg = H(_ng){l - H(21(1))‘7171(12(1))71(_212)}\/51\/[0 + 0p(1).

Similarly as in the proof of Theorem 1(b), by Taylor expansion and (A.11),

T = (Hipg) V1Mo) " Hig) “Hiar 1) ViH (1)) Higs) (Hgg) VMo) + 0,(1).

Then, W (020) = (H 5 v/iMo) " H ) DH ) (H ) 2\/MMo)) + 0p(1), where

D = {He)VHiuz) — Heiay ViHaza) - (A.12)

This is the same result obtained in Corollary 5 of (16). The rest of the proof follow the same
arguments as in their proof of corollary 5.

Proof of Theorem 3 (i) By Theorem 1 (a) and 2 (b), we have Op(n~1) in (A.3) and
(A.9) in place of 0,(dy,). It follows from (A.4) and (A.10) that

V(81 (62) — 610) = ViH (1)) H gy (VMo — H(a1(2)) V(82 — 620)) + Op(n™1?),

Vn(fy — 010) = (VanHasay) + Viag) Hiz(2))) H gy VMo + Op(n~1/?)
Under the orthogonality —H(12(1))H(_2§)H(21(2)) = Vi12) = 0 from (A.7) and Vi = V(11) and we have
101(62) = 61]] = Op(n™h).

On the other hand by Taylor expansion similar to (A.2), for 65 within the surface ball of
162 — O] < n=1/2,

1(61(62), 62, A(62)) — U(61, 62, A(62))
= - 5[ (610,02) — H21(1y) (01(62) — 910)]TH(22)[ (610,02) — H(21(1)) (01(62) — 010)]
- 3 By
§[M(910792) = Hiay) (01 — 910)]TH(22) [M (610, 02) — H(211)) (01 — 610)] + 0p(1).
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As ||01(62) — 61]| = O,(n~1), we have |I(61(62), 02, \(02)) — 1(61,02, M(62))] = 0,(1), which suffices
to prove the rest of the results.

(ii) The proof is very similar to (i) except the part about the asymptotic distribution of
Wg(020]01). We sketch the proof.

Let /N\o = ;\(920) and w = 2[1(51, 920, /N\o) — 1(910,920, /\0)] Note that
\/ﬁM(él,Hgo) =/nMy — H(21(1))\/ﬁ(él —010) + Op(l) (A.13)
E(él, 920) =Y+ 0p(1) — H(22) .

As (01, \o) satisfies the equation (4) for fy = fag, we have

Ao = H(_212)(M0 — H(21(1))(9~1 —b60)) + Op(n_l/z) . (A.14)
By Taylor expansion and substituting Ao and (0] — 019), we have
@ = (M) VnMo) " Hyp) {D*+D* T — D* THL D*} (A.15)

Higs) (Higgh*v/iMo) + 0p(1)

where D* = H21(1)) Viay H1(1) +H(21(1))V(12)H(12(2)). On the other hand, WE(920|9~1) = Wg(0y)—
w. It follows from (A.6) and (A.15) that

Wi (020]01) = (H_l/Q\/_ Mo) T H i) * DH )2 (H ) /i) + 0,(1)
where D = H(91)VHug) — D* — D* T + D*TH(22

matrix and the desired results follow from Lemma 3 of (16). Also 2 = D under the orthogonality
by Lemma A.2 and we independently confirm that Wg(62]61) = W g(620) + 0p(1).

)D* By Lemma A.2, D is a non- negative definite

Lemma A.2 Assume the conditions of Theorem 3. D isa non-negative definite matriz. Under

the orthogonality,

—1/2

D =Hy,' 2.

Hai(2) (H21(2)H2_21H12(2))_1H12( )sz/

-1
V11 V12 —
Proof Define V' = <V;1 1/22> so that v;; = H(gl(i))H(212)H(12(j)). Then,

D*+ D" T =Hy <VE;; %2)> Haz) + Hay) VanHeay)

* — * V
With some simple matrix algebra, D= H(gl) [51 + 152] 7—((12)7 where

Dy — V(ll){’/ll - }Vll Vi V(11){7/11 - ‘/(Ill)}‘/(m)
1 V<21>{”11 VantVay — Vendv =V Vay )7

- 0V
Dy = (12)> :
2 <V(21> Vio)
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131 is non-negative definite as V(ll) = v — 1/121/2_211/21. 52 is also non-negative definite as it
is symmetric and V(g is non negative definite. The result under the orthogonality follows as
Vio=Vo; =0and Vi1 = 1/11 and Voo = V221.

Lemma A.3 Assume the conditions of Theorem 1. Then, \/nM (61, 02) ~ N(0,S) where
& [1/2 ~-1/2
§= [H(m) = M) Vian Haza) + Vi Haz@)) M ) ]
1/2 ~1/2
[H@z) — Mgz HeanVay + H(21(2>>V<21>)H<12(1>>] :

Also ©(01,02) — H22) and S_lH(gg) = I under orthogonality.

Proof The asymptotic normality follows directly from (A.4) and (A.13). Under the orthogo-
nality, Viq9) = V(21) = 0 from (A.7) and V{11) = (H(21(1))

H(_Qé)H(m(l))) 1 Hence S = Hay — Hor(1)V11Hi2(1) and (S)~! = H2_21. On the other hand
%, (01,020) = X (00) + 0,(1), where ,,(60) = n~"H(6p) and n='H(fy) — Haz by Lemma A.1.

Lemma A.4 Assume the conditions of Theorem 1. Then, VM, (019,020) ~ N(0,5) where
S_ngg =1. Also Zn(elo,ego) — Hog.

Proof  As /nMy(610,020) = /My (60) —Ha11)v/n(f10—010) + 0p(n~1/2), it follows from (A.11)
that
VM, (010,020) = [T — Moy ViHazayHas WMy (00) + 0,(1) .

The normality follows from the multivariate central limit theorem and

S = [Hl/z Har(1) ViHaz1) Ha: 1/2} [Hl/z H2_21/2H21(1)‘71H12(1))] '

As [HYE — oy Vit Has 2] = [HI2 — ) M Viiagy)| = 1272 871 = )
On the other hand, %,,(A19, 020) = £, (0) + op( ), where ¥,,(6p) = n~*H(0y) and n= H(6y) — Haa
by Lemma A.1.

Proof of Theorem 4 Without loss of generality, let m(z,6) = (m] (z,6),
mJ (2,0))" and let T'= (0 I). Then, ma(z,60) = I'm(z,6). From (11) and by Taylor expansion,

Lp(02) — Li(62]01)
- E[Mo — Ha1(1y) (01 — 010) — Hezi(ay) (B2 — 020)] T[T (TH (99T ) 'T]
(Mo — 7'f(21(1))(§1 — 610) — H(21(2)) (B2 — 620)]
* g[MO — H211)) (01 — 610) — Hz1(2)) (62 — 920)]T[H(_2§)]
[Mo — H(211)) (61 — 010) — H21(2)) (02 — 020)] + 0p(1) -
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From (A.4), (A.7) and (A.8),

[ —H, @2 Hei10) Vit aan DICT (T H T — H(21(1))VIH(12(1))H(—212)]M0
=[I = H g M1 (1)) ViH 20 [H g [ = Hezray) ViH o)) Higy)

LT (T He) D) ' TTH@12) = (Mg Ha12)) »

Haaen [T THEp D) ™ T Ho19) = Haze) e Hee) -

by which Lg(62) = Lg(62)61) + 0p(1) after simplification. The proof is complete by Theorem 3 (i).

6.2 Proofs for the results in Section 5

Let H, "™ (6,\) denote H,(3,\) less the components with respect to (G2 similarly to S, P2 (B, ).

Define
=7t Y (i), n Y Wi
12,
o2 = Ep,[v*(e))], H= (bloEx 0122) '

We recycle most of the notations from the previous sections and skip proofs if they follow similar
lines of arguments as in the proofs of previous sections.

Lemma A.5 Assume Conditions 3 with (16) and Conditions 4-6.

(i) n~*H,(Bo,0) — H
(ii) For any 3 within the surface ball of || — Bo|| < n=1/2,

=2 " p(ra(B)w —n 2w (r — b1 X v/n(B = o)l = 0p(1)
and n=1 Y2 (ry(8))ziz] — 028, as n — oo,

(iii) For any 3 within the surface ball of ||8 — Bo|| < n~'/?, log Lr(B) = (3, A\(3)) + 0,(1).

Proof of Lemma A.5 (i) can be shown similarly as Lemma A.1. (ii) follows from equations (A.8)
and (A.9) of the proof of Theorem 1 in (17). As for (iii), we first note that from (18) and (19),

- (LS stnpmet] B (232 0051 ) + aplle)
39 = (LS vyt (5 v + on

Also by Taylor expansion, the chain rule and (16), for (b, k) and (3, \) such that ||b — Go|| < n~"/2,
18 — Boll < n~'/? and 6]l = Op(n='/%), and [|A]| = Op(n~"/?), we have I(b,x) — (B, \) =

5,60 (1 5) + 50 -9
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(k= NV Ha(B, ) <b 5) + 0p(1).. Tt follows that 1(3,\(8)) — 1(8,0) =
=S (AB) Tzip(ri(B)) + 3 Z(A(ﬁ))TxixiT()\(ﬁ))w2 (ri(B)) + 0p(1). On the other hand we have

log(Lp(B)) = —nlogn — Y _log{l+ (\"(8)) [zp(ri(8)) — en]}
=- nlogn - Z(A*(ﬁ))T W (ri(B))
— = Z A (3 N (B)2 (ri(B)) + 0p(1).

by Taylor expansion. As |[e,|| = o(n™'/2), we have \*(8) = A\(8) + 0,(n~'/?), which completes the
proof.

Proof of Theorem 5 (a) We only need to show (20) and the rest of the proof is
straightforward by Lemma A.5(iii) and strict monotonicity of ¢(u) around 0. First note that
[[Sn(2) (8, M| = op(nllen]]) from (19). Also from (19)

1) b(ri(B)ai{l + (A (8)) T lwip(ri(8)) — enl} || = nen -
As X\ (8) = 0,(n~1/2) for all § within the surface ball of ||3 — Fo|| < n~'/? and by (16) it follows

that
(A*(ﬂ))Tﬂfﬁi
' h2 L+ (A(8)) Tzib(ri(B8)) — en]

for all § within the surface ball of ||3 — B|| < n~'/2. By the definition of (3,)) and the strict
monotonicity of 1(u) about 0, we have

As )\*(B) = )\(B) + op(n_1/2), we have ||Sn(1)(ﬁ~, 5\)|| = 0p(n||ey||) with some algebra.

‘ = 0p(n'/?),

(n'/?).

(A*(9)) i
lz:1+ MO T [z (ri(5)) = en]

Proof of Corollary 2 Let (31(62) = argmazg, Lr(B1, B2). With (17), (20) holds with |[[e,|| =
o(n~'). We follow similar lines of arguments as in the proof of Theorem 3(i) and we have ||3;(62) —
Bi|| = Op(n~1). The rest of the proof is straightforward.

Proof of Lemma 5 Note that Fj, B _ = Fy ¢ where v denotes the Lagrange multiplier defined
with respect to ¢ and zf. Then, > %23, = dFCV = X; W, X5, = 0 where X7, = Xy, and
* T
Xon = Xn(2) — n<1>( n(1)

Wi X))~ n(l)W Xn)- As D ajx Z-TdeZ’g’ — Yg+(12), the proof is complete.
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6.3 Figures and tables

Figure 1: Q-Q plots of —2log conditional EL ratio (WE(CQO)) and quantiles of x? reference distribution from 3000
simulations with n = 400 each when Hy : f2 = 2 is under consideration
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Figure 2: Q-Q plots of —2log conditional EL ratio (Wg(Ca0)) and quantiles of x3 reference distribution from 3000
simulations with n = 400 each when Ho : 82 = (2,1) is under consideration
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Tab‘le 1: Estimated type I-error rates for two EL ratio tests from 3000 simulations: ELR and ELR denote the tests
by Wg({2) and Wg({2) respectively

90% 95%
Mean Median Mean Median

n e; ELR ELR | ELR ELR | ELR ELR | ELR ELR
B2 =2 100 N(0,1) | .1417 .1280 | .1300 .1117 | .0830 .0743 | .0703 .0587
erp 1683 .1557 | 1103  .1157 | .0997 .0917 | .0597 .0630

ts 1517 0 .1420 | 1113 .1033 | .0930 .0797 | .0563 .0520
N(0,1) | .1247 .1203 | .1160 .1110 | .0743 .0630 | .0593 .0620

erp 1393 .1353 | .0937 .0987 | .0813 .0840 | .0407 .0500

ts 1327 .1393 | 1113 .1073 | .0757 .0767 | .0603 .0610
N(0,1) | .1147 .1107 | .1070 .1073 | .0607 .0593 | .0560 .0533

erp 1257 0 .1207 | L0883  .1013 | .0707 .0680 | .0430 .0513

ts 1360  .1313 | .1087 .1113 | .0723 .0737 | .0537 .0603
B2=1(2,1) 100 N(0,1) | .1407 .1317 | .1243 .1150 | .0810 .0763 | .0673 .0590
exrp 1717 0 .1643 | (1023 1123 | .1040 .0993 | .0513 .0593

ts 1703 .1540 | .1157 .1007 | .1037 .0953 | .0560 .0537

200 N(0,1) | .1347 .1230 | .1197 .1163 | .0733 .0667 | .0593 .0610
exrp 1520 1413 | .0897 .0957 | .0930 .0763 | .0437 .0433

ts 1473 .1390 | .1087 .1053 | .0853 .0893 | .0570 .0550

400 N(0,1) | .1163 .1163 | .1170 .1147 | .0660 .0653 | .0610 .0580
exrp 1237 11243 | L0897 1113 | .0677 .0693 | .0457 .0587

ts 1367 .1307 | .0997  .1127 | .0703 .0757 | .0480 .0517
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Figure 3: Plots of conditional (Wg(Cz)) and profile EL ratio functions (W z(32))
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Table 2: Average length (Avl) and estimated coverage (Ecv) for three confidence interval methods, from 3000
simulations. The parenthesized numbers are the ratio of % miss below over % miss above the confidence intervals.
The label ELR denotes the method by Wg((2).

90% 95%
Mean Median Mean Median
n €; Avl Ecv Avl Ecv Avl Ecv Avl Ecv
100 N(0,1) ELR | .23410 85.77 | .30875 86.90 | .28137 91.67 | .37651 92.97
BP 25217 87.97 | .35241 94.30 | .30344 92.77 | .42448 97.17
BN .25803  89.67 | .36599 93.93 | .30747 94.57 | .43610 97.23
exp ELR | .23141 83.00 | .31180 88.90 | .28039 89.97 | .37487 94.00

(.619) (.576)
BP | 24504 8553 | 27816 94.10 | .29501 91.80 | .33753 97.07
(.486) (.398)
BN | 25199 88.37 | .29123 93.53 | .30026 93.90 | .34702 96.90
(.460) (.397)
t3 ELR | 38602 84.80 | .37155 88.83 | 46951 90.70 | 45491 94.37

BP 40375 87.53 | .41507 94.47 | 48715 92.90 | .50399 98.07

BN 41565  91.23 | 43384 95.13 | 49528 95.93 | .51695 97.73

200 N(0,1) ELR | .16381 87.47 | .21400 88.37 | .19629 92.53 | .25758 94.03
BP 16850  87.53 | .23071 93.03 | .20144 93.07 | .27503 96.77

BN A7172 0 88.57 | 23813 91.93 | 20462 93.93 | .28374 96.00

exp ELR | .16280 86.07 | .22012 90.53 | .19626 91.77 | .26387 95.87

(.526) (.453)
BP | .16514 86.27 | .17949 93.40 | .19685 91.97 | .21457 96.77
(.369) (.324)
BN | .16854 88.10 | .18652 92.63 | .20083 93.20 | .22225 96.57
(.347) (.316)
ts ELR | 27539 86.70 | 24902 88.83 | .33347 9243 | 30133 93.97

BP 27463 88.30 | .26483 93.07 | .32888 93.30 | .31800 96.87

BN 28097 90.47 | 27357 93.07 | .33480 95.40 | .32598 96.10

400 N(0,1) ELR | .11590 88.33 | .14843 89.17 | .13864 93.80 | .17787 94.37
BP 11632 88.60 | .15583  92.03 | .13802 93.67 | .18495 96.07

BN 11816 89.47 | .16019  90.10 | .14080 94.17 | .19088  95.20

exp ELR | .11561 87.30 | .15575 91.10 | .13894 92.87 | .18622 95.70

(.789) (.740)
BP | .11489 86.97 | .12083 92.33 | .13633 92.80 | .14358 96.30
(.602) (.510)
BN | .11684 88.17 | .12480 91.17 | .13922 94.23 | .14871 95.50
(.537) (.352)
t3 ELR | .19898 86.30 | .16739 89.03 | .24050 92.67 | .20135 94.63

BP 19396 87.00 | .17393  91.67 | .23044 92.37 | .20737 95.80
BN 19776 89.73 | 17928 91.90 | .23564 94.80 | .21363 95.80
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